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Perturbation Theory with Higher Derivative Couplings
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The formalism of partial differential equations with respect to coupling constants
is used to develop a covariant perturbation theory for the interpolating fields and
the S matrix when the coupling terms in the Larangian density involve arbitrary
(first and higher) derivatives. Through the notion of pure noncovariant contrac-
tions, the free-field T and the (covariant) T* products can be related to each
other, allowing us to avoid the Hamiltonian density altogether when dealing with
the S matrix. The important ingredients in our approach are (1) the adiabatic
switching on and off of the interactions in the infinite past and future, respectively,
and (2) the vanishing of four-dimensional delta functions and their derivatives
at zero space-time points. The latter ingredient is a prerequisite that our formal-
ism and the canonical formalism be consistent with each other, and on the other
hand, it is supported by the dimensional regularization. Corresponding to any
Lagrangian, the generalized interaction Hamiltonian density is defined from the
covariant S matrix with the help of the pure noncovariant contractions. This
interaction Hamiltonian density reduces to the usual one when the Lagrangian
density depends on just first derivatives and when the usual canonical formalism
can be applied.

1. INTRODUCTION

Theories with higher derivatives (second and higher) in the Lagrangian
density can occur quite naturally in various areas of physics (Bernard and
Duncan, 1975; Simon, 1990; Barua and Gupta, 1977). For example, in the
treatment of higher spin fields with the use of ghost fields, the higher deriva-
tive couplings are unavoidable (Barua and Gupta, 1977). Another example
of a theory with higher derivatives occurs in general relativity where quan-
tum corrections contain higher derivatives of the metric (Birrel and Davis,
1982), or where nonlinear sigma models of string theory predict terms of
order R® or higher (Bernard and Duncan, 1975; Simon, 1990; de Alwis,
1986). Of course, the classical case of a theory with higher derivatives is
Dirac’s (1938) relativistic model of the radiating electron.
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The canonical formalism for fields with higher derivatives in the free
part of the Lagrangian density has been discussed rather extensively
(Bernard and Duncan, 1975; Simon, 1990). In this article we deal with the
situation where the free part of the Lagrangian density involves only first
derivatives and the coupling terms contain higher derivatives. Now, from
the interaction Lagrangian with higher derivatives one can remove second
and higher time derivatives by carrying out either covariant or noncovariant
field transformations (Barua and Gupta, 1977), so that the transformed
Lagrangian contains only higher space derivatives which (with suitable defi-
nitions of canonical momenta) yields the Hamiltonian density. This proce-
dure, however, is very model dependent and, as a rule, yields a rather
complicated Hamiltonian density, which in turn yields a rather complicated
expression for the scattering (§) matrix. It is clear that in order to treat a
general case of higher derivative couplings, one has to formulate a theory
that goes beyond the canonical formalism. We believe that such a theory
can be formulated through the formalism of partial differential equations
with respect to coupling constants (PDECC) (Soln, 1972, 1978), which has
been used in the formulation of the covariant perturbation theory for chiral
Lagrangians (Soln, 1973). However, unlike earlier work (Soln, 1972, 1973,
1978), here the formulation of the covariant PDECC formalism will be done
without the Hamiltonian density.

A rather compelling reason for developing the S-matrix formulation in
which the knowledge of the Hamiltonian density is not necessary is the
difficulty in showing the Lorentz invariance itself. Namely, when tackling
the question of the Lorentz invariance of the S matrix within the canonical
formalism for a Lagrangian density with higher derivatives, one needs to
know the corresponding Hamiltonian density, which, however, quite gen-
erally, if it can be written at all, is a very complicated noncovariant
expression (and seldom can be written in a closed form). Furthermore, when
a term in the Lagrangian density contains more derivatives than fields, the
Hamiltonian density does not exist until auxiliary fields are introduced, as
originally noted by Ostrogradsky (1850).

The covariant PDECC formalism developed here to treat fields and the
S matrix, when the free part of the Lagrangian density involves only first
derivatives and the coupling terms contain higher derivatives, is consistent
with the so-called Lehman-Symanzik-Zimmermann (LSZ) field theory for-
mulation (Lehman ef al., 1955), which assumes that the free fields satisfy
the usual differential (Klein-Gordon, Dirac) equations. Also, as in the LSZ
formulation, we take that the constant of motion means a field quantity
which commutes with the S matrix. The derived covariant S matrix will
satisfy automatically the naive version of Matthews’ (1949) theorem to all
orders in a perturbation theory. This should be contrasted with the fact that
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within the canonical formalism, which relays on the S matrix given as a T
product in terms of the interaction Hamiltonian density, one can only conjec-
ture but not actually prove (even for Lagrangians with no more than one
derivative acting on each field) that the naive version of Matthews’ theorem
is correct in a perturbation theory (Bernard and Duncan, 1975). Here, the
naive version of Matthews’ theorem means: The Feynman rules are the ones
obtained by using the interaction Lagrangian to determine the vertices and
the covariant T* product (Nishijima, 1969) to determine the propagators
(Bernard and Duncan, 1975).

The main reason we can avoid the Hamiltonian altogether within our
covariant PDECC formalism is because by introducing the pure noncovari-
ant T, product (with the corresponding pure noncovariant contractions) we
can transform directly a T product into a covariant T* product (and vice
versa). The adiabatic switching on and off of interactions in the infinite past
and future, respectively, is explicitly assumed in our covariant formalism;
this allows us to verify that the derived covariant S matrix indeed connects
properly the asymptotic field quantities at the infinite past and the future.
The vanishing of the four-dimensional deita function (Bernard and Duncan,
1975; Barua and Gupta, 1977; Capper and Liebbrandt, 1973, 1974; Tataru,
1975; ’t Hooft and Veltman, 1972) and its derivatives at zero space-time
points is yet another important ingredient in the covariant PDECC formal-
ism. This ingredient is actually a physical necessity, as otherwise the canon-
ical formalism (for Lagrangian densities with first derivatives) and the
covariant PDECC formalism would not be consistent with each other. Of
course, on the formal level, the vanishing of the four-dimensional delta
function and its derivatives at zero arguments can be justified with the dimen-
sional regularization ('t Hooft and Veltman, 1972).

Although in the covariant PDECC formalism one does not need the
Hamiltonian density, nevertheless, with the help of pure noncovariant con-
tractions from the explicitly covariant $ matrix, we can define the generalized
interaction Hamiltonian density for an arbitrary Lagrangian density. For a
Lagrangian density with first derivatives, this interaction Hamiltonian
density reduces to the one that is derived from the canonical formalism.

In Section 2 the algebra of time-ordered products is developed. Here
the T and T* products are connected through (pure noncovariant) T, pro-
ducts. The covariant version of the PDECC formalism, with the arbitrary
derivative coupling terms in the Lagrangian density, for the S matrix and
interpolating field quantities is developed in Section 3. Here the explicitly
covariant S matrix, the covariant PDECC for interpolating fields, as well as
the generalized Hamiltonian density are given. Section 4 is devoted to treat-
ing some specific examples with an emphasis on analysis of the derived
Hamiltonian densities. The results are discussed in Section 5, where the
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conclusion is also given. In Appendix A we give pertinent examples of T,
contractions. Some outlines of dimensional regularization are discussed in
Appendix B and some PDECC relations for theories with canonical Hamil-
tonians are explained in Appendix C.

2. ALGEBRA OF TIME-ORDERED PRODUCTS

In the formulation of the covariant PDECC, the algebra of T (covari-
ant) T*, and (noncovariant) T, products play very important roles, so this
whole section is devoted to it.

According to Soln (1973) and Nishijima (1950, 1969), a T* product of
free fields is defined as

(9 9 o 4 ..
d ((6)@,‘ Oxy, >¢f(X) (6yv, Vv, )¢f(y) )

0 0 o 8
‘(é?,f, Fo )(ﬁ e ) TG D) ) @D

where ¢, (meaning either ¢, or @) denotes a set of independent free fields.
It is immediately evident from (2.1) that T and T* contractions between
free field ¢, operators are different, for while T contractions may not be
covariant objects in general, the T* contractions always are. Let us take a
simple case of a T contraction involving scalar fields carrying some internal
(isospin, etc.) indices @ and b:

0 J
D" (xX) 0,97(y) = ONT 7~ oF (x) — &7 (D05 />
X, ay,
=[0,0% (x) 3,87 (X)]* — inun, Sp0a(x—y) (2.22)

_ 4
Ry =8u

where the first term is the T* contraction,

- . - a a a 2]
(0,07 (x) 6v¢/”(x\) 1*=<0; f1T* —— &7 (x) = &/ (NI0;:.1>
0xy oy,
0
> =—f— i Ar(x—y)0um (2.2b)
dx, 0y,
Here the notation is such that a state |. . . ; /> means either an “in” (f=in)

or an “out” (f=out) state. We see that (2.2a) and (2.2b) differ by the
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noncovariant (normal-dependent) term n,n,64(x —y). Equations (2.2) sug-
gest the definition of pure noncovariant contractions for ¢/ fields as

(8 (x)'d/ (»)T'=0
[0,67 ()& (DT =18 (x) 0,8/ ()T =0 (2.3)
18,0/ (x) 2,8/ (P)1'= —inun,8 584(x—p)

with other pure noncovariant contractions given in Appendix A.
Relations (2.2) and (2.3) suggest that we write the T product as
(Soln, 1973)

T=T*T, (2.4)

where T,, a symbolic notation for the noncovariant 7 product, means:
When T, acts on a product involving ¢, operators, one sums up all possible
(including the zeroth) pure noncovariant contractions according to (where
17, 27, . . ., is a short-hand notation for free ¢, operators)

T2 ) =12t 2Ty
HUZTY - ro GBIt (@5)

[In Soln (1973) the symbol 7, is equivalent to T*T,, here. This is why 7,
products from that work and here differ by T* products.] The action of the
inverse of T,,, T, ', clearly is

T;l(lef- .. rf)z lfzf' .. ,/__[1}2}]n3f_ r
3T

One easily verifies that 7,7, (1,2, - )=T,"'T(1,2,- - -)=1,2,- - -, which
on the formal level can be stated as

TST7 =1,  s==I 2.7)

where, for carrying out actual pure noncovariant contractions, we have
introduced the notation

T,,S=exp[slvf], s==1 (2.8a)

Here, the action of N, means summation over only bilinear pure noncovari-
ant contractions (s==+1):

SNALp 2 - r) =s[2]"3 - rp o -+ s[(r = D]y - - (r=2)y
oo o iy qe
TRAUA LA ) =2 B4 S, -t o, ete

(2.8b)
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One easily verifies the equivalence of relations (2.8) with relations (2.5) and
(2.6). Now, with the help of (2.8a), from (2.4) we obtain

T*=TT," 2.9)

We see that while relation (2.4) yields a T* product from a T product after
carrying out 7, contractions, relation (2.9) yields a T product from a T*
product after carrying out T';' contractions.

A note of caution: While the factors within 7T and T* products can be
rearranged at will (taking into account the statistics of field operators),
within a T, product this cannot be done if a T,” product stands alone.
However, we can also rearrange the factors within a 7,” product, if T’
multiplies T or T* from the right [compare with (2.4) and (2.9)].

Next, since the T* product is evaluated by means of pure covariant 7T7*
contractions, we have to demand

T, T*(1,2 - - r)=T*(12,- - - 1), s=zl (2.10)
or symbolically
T, T*=T*,  s==l1 .11
But, applying T,’ to T* from (2.9), we see that we must also have
T T=T, s==lI (2.12)

Applying T to relation (2.9) and taking into account that formally 77=T,
we obtain

TT*=T* (2.13)

Taking the square of relation (2.9), with (2.12) and (2.13) taken into
account, we also deduce that

T*T*=T* (2.19)
Combining (2.14) with (2.4), we finally have
T*T=T (2.15)

Relations (2.11)-(2.15) are simply invariance statements for T and T* pro-
ducts under the actions of T,’, 7, and T*, respectively; the only way the T
and T* products can be transformed into each other is through relations
(2.4) and (2.9). However, this is not the end of the story. Namely, we know
that Tand T* products are expressible in terms of normal-ordered products
through 7 and T* contractions, respectively. Denoting symbolically a
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normal-ordered product by ::, from relations (2.11)-(2.15) we conclude
that :: formally has the following properties:

T::=1 (2.16)
T*::=1 (2.17)
T =11, §s=%1 2.1%)

These relations are also simply invariance statements for the normal-ordered
product under the actions of 7, 7%, and T,’.

Next we write down some rules for evaluating 7,° (s=+1) products.
Let us introduce a common symbol, T (a=0, *, s==£1,2, 3), for all

products:
7O T, T(*) =T*, T = T,°
(2.19)
TP=::, T®=1

where, for example, T®1,2, = :1,2,:, T®1,2, = 1,2, etc. Let A, = 1,2+ - -,
B, =172} - -, etc.; then specifically

T,,foBrfz T,,s(Af; Bf)(TnsAf)(Tnst), s==+1 (220)

Here T,°(A,; Br) generates T,’ contractions (starting with the zeroth contrac-
tion) only between A, and By, and, consistent with relations (2.8), it can be
written as

T, (As; B)=explsN(As; By)l,  s=zI (2.212)
where, in general,
sN(A,; BY(T A NTPBy)
=s[1}1}-]n(T(H)2f3f. . ')(T(ﬂ)2}3}' C) 4

2
5o~ «
51\/2(,4,; BYWT@ANTP By (2.21b)

=[G T2 T(T @34y YTy - )+, ete,
s==]
We extend relation (2.20) by adding another factor C;:
T’ A;B,Co=T, (AsBr; CUT, ArB (T, Cy) (2.22a)
=T, (As; BrC YT AT, BrCy) (2.22b)
=T, (A BT (Ar; CHT(Br; G)
X T, (AT, BT, Cy), s==l, (2.22¢)
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giving
T.'(As; BrCp) =T, (B, Cy; Ar)
=T (As; BT (Ar; Cp),  s==%1 (2.23a)
T.5(As; B)=T (Bs; A7), s==1 (2.23b)

Relations (2.23) give a recipe for writing down the T,” product with an
arbitrary number of factors. As a consequence of relations (2.11), (2.12),
and (2.18), we have the following important relations (s==+1)

T (TA)(TBy)Cy =T, (As; B,Cp)T,’(By; Cy)

X(TAr)(TB)(TC) (2.242)
T (T*ANT*Bp)Cy =T, (Ar; By Cr)T'(By; Cp)
x(T*A7)(T*B (T’ Cy) (2.24b)
T, (TA)(T*By)Cy = T,'(As; B,Cr)T.'(By; C)
X(TA)(T*B T Cr) (2.24¢)
T, :As::B;:Cy =T, (Ay; B,Cy)
xT,'(Br; Cp):Ar:Bp:(T,°C) (2.244d)

T, :Ar(TBr)Cr = T,'(4y; By )
x T, (Br; Cr):Ar:(TB T,°Cr), etc. (2.24e)

Relations (2.24) explicitly exhibit the fact that T, does not generate pure
noncovariant contractions within 7,°, T, T*, or :: products.

We wish to argue that because the symbol T can be inserted at arbitrary
places within the T product, the symbol T* can also be inserted at arbitrary
places within the T* product. To show this, we look first at

T*ArB; =TT, A:B=TT . (Ar; BT, ' A )N(TH'By)  (2.25a)
=TT, (Ar; BT, A)T(T,'By) (2.25b)

where in (2.25a) we took into account (2.20), while in (2.25b) we inserted
the symbol 7T into all terms with pure noncovariant (including the zeroth)
contractions generated by T;‘(Af; B, ). On the other hand, we can look at

T*A,T*B=TT, ' A(TT,'B,) (2.26a)
=TT, (As; BT, A)T(T,' By) (2.26b)

where in (2.26b) we took into account that T,'T=T. Comparison of
(2.25b) with (2.26b) yields

T*A_/Bf = T*AfT*Bf (227)
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By changing, for example, B, — ByCrin (2.27), one easily argues that indeed
the 7* symbol can be inserted at arbitrary places within the 7* product
itself. Actually, this should not be surprising, since the T* symbol can be
viewed as a covariant time-ordered operator, as opposed to T, which is the
usual (noncovariant) time-ordering operator.

It should not be surprising that for the T product we can write down
relations similar to relations (2.20), (2.22), and (2.23). The simplest one is

TA; B =T(Ays; B)(TA)(TBy) (2.28)

One interpretation for T(A;; By) in (2.28) is that, after having done T con-
tractions (including the zeroth ones) within A and B, one still has to do all
possible (including the zeroth) contractions between 4,and B,when reducing
TA;By into a sum of normal products. Another interpretation of 7(A4,; By)
is that, after the factors within A,and B, have been time-ordered, 7(A;; By)
now time-orders (TA4,)(TB,), in such a way, however, that the relative orders
of factors from 7'4,and the relative order of factors from TB, do not change.
This interpretation will be very useful later on. Clearly we can generalize
(2.28) by adding another factor,

TArB;Cr =T(AsBy; C)(TAB)(TCy) (2.292)
=T(4y; B,Cr)(TA)NTB,C) (2.299)

T(As; BrCr)=T(BrCy; Ar)=T(4s; Br)T(4y; ) (2.29¢)
T(Ay; Biy=T(By; As) (2.29d)

and so on.
Combining the relation (2.20) with (2.28) and relations (2.22) and
(2.23) with (2.29), we immediately have

T*ArBr=T*(As; B)(T*A7)(T*By) (2.30)
T*AsB,Cy=T*(ABy; C)(T*A;B)(T*Cy) (2.31a)
= T*(4,; B,C)(T*A)(T*B,C)), ete.  (2.31b)

where
T*(As; B)=T(As; BT, '(4; By) (2.32a)
T*(As; BeCr) =T*(B,Cy; Ar)=T*(4y; B)T*(4s; Cp)  (2.32b)
T*(As; Br)=T*(By; 4y) (2.32¢)

Here we can make similar interpretations for T* products. Clearly, relation
{2.30) means that after having done T* contractions (including the zeroth
ones) within 4, and B,, T*(As; By) generates all possible contractions
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(including the zeroth one) between A, and B, when reducing T*A4,B,into a
sum of normal products. On the other hand, we can call T*=TT,' a covari-
ant time-ordering operator. Then the interpretation of T*(A,; By) is that,
after having covariantly time-ordered factors within A;and By, T*(Ay; By),
now covariantly time-order (T*A,)(T*B;) with the stipulation that the
relative orders of factors from T*A4,, as well as from T*B,, do not change.
Finally, let us discuss T and 7'* products at single space-time point x.
Suppose we have Qr(x, y) = (8,0(x))}(0.¢,(y)). Then, because a T product
is undefined at equal times, it is ambiguous as to what TQ,(x) is, where
Or(x)=0Q(x, x). However, we can look for some physical principles
to define in general TA,(x), where A,(x) depends on ¢,(x), J,¢,(x),
0u0,¢r(x), . ... In the next section we shall see that the definition

TA[(x)i=Ay(x) (2.33)

is consistent with the requirement that the S matrix derived from the canon-
ical formalism be consistent with our explicitly derived covariant S matrix.
Next, applying either T* or T, (s=+1) to (2.33), with the help of (2.15)
and (2.12), we also obtain

T*Ay(x) = Ag(x) (2.34)
T A (x)=A/x), s==I (2.35)

The immediate consequence of relation (2.35) is that, with noncovariant
contractions as outlined in (2.2a) and in Appendix A, it generally requires

84(0)=0 (2.36a)
(0.64)(0)=0,  (8,8,64)(0)=0,... (2.36b)

For example, (2.36a) immediately follows if one chooses for A/(x),
(04 94(x))(0,9(x)) [compare with (2.2a)] or ¢,(x) 3,0,ds(x) (compare with
Appendix A). Relation (2.36a) has been proven by means of dimensional
regularization (Simon, 1990; Barua and Gupta, 1977; Capper and Lieb-
brandt, 1973, 1974, Tataru, 1975; ’t Hooft and Veltman, 1972). However,
as shown in Appendix B, the dimensional regularization also gives relations
(2.36b). We shall assume the validity of relations (2.33)-(2.36) throughout
this article.

3. COVARIANT PDECC FORMALISM INVOLVING
LAGRANGIAN DENSITY ONLY

Our aim is to develop the covariant PDECC formalism for the S matrix
and the interpolating (Heisenberg) fields when the Lagrangian density is of
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the form
L(x)=Lo(x) + Lim(x)= L(x; 8) (3.1a)
ZLo(x)=ZLo(¢(x), 0,4 (x)) (3.1b)
ZLin(X) = Lind ¢ (%), 044 (), 0,0,9(X), ... ; 8)
=Pi(x;8),  Pim(x,0)=0 (3.1c)

Here ¢ (x) denotes a set of independent interpolating fields corresponding
to the system of interacting particles; they are assumed to interact through
many independent interactions which are characterized by coupling con-
stants gy, g, ..., denoted here as vector g=(g;, g2, . . . ). The asymptotic
free field operators ¢, (x) [=@in(x), Pou(x)] correspond also to a similar set
of independent asymptotic free field operators. Now, consistent with the
adiabatic switching on and off of the interaction, to each %, (x;), or equiva-
lently, to each coupling constant vector g, we attach an adiabatic factor

e(x))=exp[—¢ln-xfl, &-+0 (3.1d)

where the £ — +0 limit is taken after pertinent manipulations have been
carried out. When necessary, the adiabatic factor will be written out explic-
itly. Before we undertake the covariant PDECC formulation for interpolat-
ing fields and the S matrix, let us specify what one expects from the .S matrix.
If we have (f=in, out)

Ff(x: Y, .. -)=F(¢f(x)s alll¢f(x)a aﬂlaﬂz(pf(x)’ ey
Pr(¥), 00, @r(9), 04,00, 87(¥), . .. 5 8) (3.2)

expressible as a Taylor series in its arguments and in which the differences
between any of the times ¢, t,, . . ., are finite, then we should have

Fout(xa ,V, .. ')=St(g)F'in(x’ y5 .. ')S(g) (3'3)
On the other hand, if we time-order F,(x, y, ...) in (3.3), then the left side
of (3.3) becomes time-ordered also, which means

TFou(x, y, .. .) =S (@ TFu(x, , .. .))S(g) (34)

Suppose now that at the beginning Fy(x,y,...) did not depend on the
derivatives of ¢/s. Then with appropriate differentiations of (3.4) [compare
with (2.1)], we can achieve

T*Fou(x, y, .. ) =S @)(T*Fin(x, 3, . . ))S(g) (3.5)

Clearly, relations (3.4) and (3.5) imply each other; this can be seen by, say,
using (2.9) in (3.5) and carrying out pure noncovariant contractions that
are generated by 7','. Because of the unitarity of the S matrix, these pure
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noncovariant contractions are the same on both sides of relation (3.5) [com-
pare with (2.21)]. Finally, using covariant T* contractions, which, because
of the unitarity of the S matrix, are the same on both sides of (3.5), we
expand both sides of (3.5) in terms of normal-ordered products; this clearly
implies relation (3.3).

After these preliminaries, we now turn to the formulation of the covari-
ant PDECC for the S matrix and the interpolating fields. The way one
usually defines the interpolating field ¢ (x) is through the relation

¢ (x) = S'(@)T(S(g)in(x))

where clearly ¢ — ¢in o as £, — —~o0, +00. However, since the T product is
not generally a covariant quantity, this definition may yield a noncovariant
¢ (x). Therefore, we start with an explicitly covariant definition for the
interpolating field as

¢ (x)=S"(@)T*(S(g)$in(x)) (3.6a)

=SNG T*(S(g); Pin(x))S(8) Pin(x) (3.6b)

where in (3.6b) we took into account relation (2.30) and we assumed that
the S matrix is expressible either as a T or T* product, so that T*S=S§

[compare with relations (2.14) and (2.15)]. Since S(0)=1, we have the
important relations

Pin(x) = (X)lg-0 (3.7a)
%) _ (3.7b)
Bg,-

Next, with ¢(x), ¢5'(x), . . ., denoting specific fields, we look at
SH ) T*S(g)P7 (x)$5(y)
=T*($'(x); $5(1))S @ T*(S(2); ¢7'(x)S(g) 7' (x)
x SU)T*(S(g); ¢7(1))S(2)45(») (3.8a)
=T*($1'(x); $5(1))$1(X) b2 y) = T*Pi(x)$2( ) (3.8b)

where in (3.8a) we took into account relations (2.30)-(2.32), the fact that
T*S=S5, inserted SST=1 between T*(S; ¢") and T*(S; $¥), and acknowl-
edged relations (3.6). Here we interpret all 7*’s as covariant time-ordering
operators [see the discussion after relations (2.30)-(2.32)]; this allows us to
pull T*(pT ; @) all the way to the left. It is obvious that if in (3.8a) we had
started with T*¢"(x)@( y), the result would have been the same.
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“If -in relations (3.8) we start with 4, -3, ¢"(x) and
d,, - - - 8,,47(y) instead of with ¢i’(x) and ¢¥'(y), we obtain
T*6,, (3~ * 3,,()$1(x) 20, (3) - - - 0, (1))

=S (@) T*S(8) 0, (x) - - - 3,0, (0P (x) Dy, (3) - - - v, ()93 (») (3.9

On the other hand, we can differentiate directly relations (3.8). Then consist-
ent with (2.1), we see that in general the definition of the T* product for
interpolating fields is

T*3() "+ 0, (D)$1 (%) 00 (1) -+ 3, ($a(») ) |
= (0(X) "+~ BN B (e~ TH(D$:(0) ) (3.10)

where the indices attached to the derivatives indicate the fields on which
these derivatives act. With [compare with (3.21)]

Fix,y,...)
= F($(x), 0@ (%), 040,80 (X), - . . ,0(1), 00,9 (1), 01,0,,8(1), ... 5 8)
(3.1D)
the generalization of relations (3.8) and (3.9) is
T*F(x, p, . . ) =S (&) T*(S(®)Fnl(x.y, .. .)) (3.12)
Now let us look at
SN T*S(2) Pin(x) 0,0, ¢in(X)
=S'@)T*(dun(x); 0u0v9in(x)) T*(S(8); $in(x))S(8) Pin(x)
x SH@)T*(S(2); 0,0 Pin(X))S(8) 0,0, Pin(x) (3.13a)
=¢(x) 60,0 (x) (3.13b)

Here we took into account that T*(¢in(x); 0,0,¢(x))=1 [compare with
(2.34)] and that T*S=S, have inserted SST=1 between T*(S; ¢.) and
T*(S; 8,0,¢:), and, of course, took into account relations (3.6). Clearly,
from (3.13) we obtain easily by induction

A(x)=S"(g) T*S(8) Ain(x) (3.14a)
A(x)= A(Pp(x), Ouy(x), 0u0v8r(X), - .. 5 8) (3.14b)
A(x)=A($(x), 0 (x), 0,0,9(x), - .. ; 8) (3.140)

T*A(x) = A(x) (3.14d)
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where relation (3.14d) follows by comparing (3.14a) with (3.12). It is
obvious that relation (3.14d) is a direct consequence of T*A,(x)=A,(x)
[relation (2.34)].

Finally from relation (3.12), we have the following important special
case:

S@T*(F(x)G(y) - - ) =T*(S@Fn(x)Gin(y) - - *) (3.15)

where F,G,... (Fi, Gin,...) depend locally on ¢’s (¢i’s) and their
derivatives.

In order to ensure the unitarity of the § matrix, the PDECC for it is
taken to be (Soln, 1973)

1; S(8)=5(e) f d'x L) (3.160)

jd“ T*S(g) LEn(x) (3.16b)

where (3.16b) is the consequence of applying (3.14a) to (3.16a), and where
fcompare with (3.1)]

,'f*(x) —5;'3( )_6 mt(x)

i

(3.17)
Lla(x)=LF(X)|s= g

The “star” partial derivative acts as an ordinary derivative on the coupling
constant-dependent coefficients that multiply ¢ (x), 0,¢(x), ..., or ¢,(x),
0,0s(x), ..., in such a way, however, that

6*¢(x)=0 a*d)f(x):o (3.182)
6g,- ’ 5g, '
o* 0
[@’E]_O (3.18b)

A simpler version of the PDECC for the S matrix is obtained if we “freeze”
the physical coupling constants in .%;,;. Their place is now taken by a single
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“mathematical” dimensionless coupling constant A, which is varied between
0 and 1. Relations (3.1a) and (3.16) are now written, respectively, as

L(x)=Lo(x) + AL () (3.19)
L4 S(x) f d*x S(A) Lin(x) (3.20a)
= Jd"x T*S(1).#(x) (3.20b)

Of course, the solutions of (3.16) and (3.20), as we shall see later, are fully
compatible with each other.

Next, in order to show the correctness of T,’A,(x) =A(x), s==I1, we
now specialize %, as

Lint(xX)=Lin(P(x), 0,0 (x); 8) (3.21a)

However, from the PDECC in conjunction with the canonical formalism
{S0In, 1973) (see also Appendix C), we have

1d

.y —8(A) = fd“x TS(A)Lind Pin(x), (0,0 (x))in;8)  (3.21b)

In Appendix C we show that

Lol Pin(x); (0,0 (X))in ; 8) = Lint Pin(x), 0, Pin(x); 8) +O(2) (3.22)
which, after equating (3.21b) with (3.20b) at 1=0, yields

Zin Pin(x), aud)in(x); 2) =T, Lin(Pin(x), aud’in(x); g) (3.23)

where T=T*T, was taken into account. Relation (3.23) is also obtainable
from more general relations (at A=0) that connect interaction Hamiltonian
and Lagrangian densities and which will be discussed in Section 4. Relation
(3.23) is automatically satisfied if %y, is in a normal form [compare with
(2.18)]. However, %, is not always written in a normal form; an example
is a chiral invariant Lagrangian (S6In, 1973; Gerstein et al., 1971 ; Weinberg,
1968). Thus, in general, (3.23) implies relation (2.36a), which is consistent
with the dimensional regularization. In turn, dimensional regularization
implies also relation (2.36b), which, together with (2.36a), implies
T, As(x) = As(x), s==1, for any local free field function 4,(x) [relation
(2.35)]. As we see, the requirement that the S matrix be simultaneously
described with the explicitly covariant PDECC and the PDECC that
incorporates the canonical formalism essentially requires relations (2.33)-
(2.36).
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Next we write down the covariant PDECC involving the S matrix and
arbitrary field quantities. Utilizing relations (3.14)-(3.16), we have

0
L L S@T*EMGO) - 00)

I 0gi

T*S(@)Fin(X)Gin(¥) - -+ Oin(2) (3.24a)

~ ] —

9

: %8,
=fd4w S@T*F(x)G(y) - - - Q2 LHw)
1 o* -

+8(g)T* ; EQF(X)G(Y) o 0(2) (3.24b)

where relations (3.15)-(3.18) and (2.27) were taken into account. Relations
(3.24) immediately yield the covariant PDECC for field quantities

0 -
%5‘_ T*F(x)G(y) - -~ Q(Z)=jd4w {T*(F()G(y) - - - Q) ZLF(w))

— LW T*(F(x)G(y) - - - Q(2))
+T* L (F(X)G(y)--- 0(z))  (3.25)
i dg;

In order to write down the explicitly covariant expression for the S
matrix, let us look at

1 &
(—.) S(g)= jd“x d*y S(@)T*LHx)L}(y)
i/ 0gilg;

+i fd“x S(g)-£(x) (3.26)
1]

where we used (3.24a) and introduced the notation

*" L (x)

(X)) = ————
' n( ) agilag"z' t agfn

(3.27)

Relations (3.16) and (3.25) evaluated at g=0 yield the S matrix as a power
series up to second order in coupling constants. Continuing to higher orders
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yields the result

0 1 % " -
S(g)=T* exp{ijd“x g ;[(Z gi%) ,?(x;g’)jl } (3.28)

g =0

Consistent with (3.7) and (3.1), we can write in (3.28)
L i g=0= Ly iin(®)]g =0 (3.29)

so that the exponent of (3.28) becomes

£ 2o

(e a} 1 N
=2 ;T'[(Zg’ )g(" g)m} = Lint;n(X; 8) (3.30)

g'=0

g=0

Therefore, the solution of (3.20),

S(A)y=T%*exp l:il Jd"x ,?t’im;;,,(x)] (3.31a)

= T{T;’ exp [u Jd“x gim;m(x)}} (3.31b)

is also the solution of (3.28) at A=1.

It is clear that in both manifestly covariant expressions (3.28) and
(3.31a) the S matrix obeys the original Matthews theorem (Simon, 1990;
Matthews, 1949) to any order in a perturbation theory for Lagrangians with
arbitrary derivative coupling terms; these results were obtained without
any reference to the Hamiltonian. Relation (3.31b) expresses the explicitly
covariant S matrix as a 7T product once pure noncovariant contractions
have been carried out.

In order to show that the covariant PDECC formalism properly con-
nects the asymptotic free-field quantities, using 7*=T7T,", we rewrite the
right side of (3.12) as

S@)T*F(x, y, .. )= T{S@T*Fun(x,y,.. )+d(x,y,...)}  (3.32a)
d(x,p,...)=[T,'(S; Fn) = 11IS@(T*Fin(x, p,...)) (3.32b)
dx,y, .. gmo=0 (3.32¢)
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where we took into account relations (2.20) and the fact that 7, T*=T*,
T.°S=S, s==1 [compare with (2.24)]. We notice that as a result of pure
noncovariant contractions [compare with (2.3) and Appendix A] between
the S matrix (expressed as a 7* product) and T*Fi,(x, y, . . .), the quantity
d(x, y,...) (unless identically equal to zero) generally contains adiabatic
factors e(x), e(y), . . . . Of course, these adiabatic factors will switch off the
coupling constants in the infinite past and future (g — 0), which, in view of
(3.32¢), implies

d(x,y,...)-0 as Iy, ty,...>Foo (3.32d)

where in these limits the difference between any two times is finite. Now
expressing the S matrix as a T product [relation (3.31b)], from (3.32) we
obtain the identity ST*Fin(x, y,...)=ST*Fu(x,y,...) at 1y, ¢,,...=—©
and the relation (3.5) at ¢,,¢,,...=+c0. Asymptotic relations (3.3) and
(3.4) are simply consequences of (3.5) [see the discussion after (3.5)]. This
shows that the covariant PDECC formalism relates properly all asymptotic
free-field quantities.

Let us illustrate the properties of d from relations (3.22) on a model of
a neutral scalar field o(x) with mass m interacting with symmetric tensor
Juv(x) depending on fields different than o(x):

Lo(x) =~ (3,0(x))(@" 0(x)) +m’c?(x)] (3.33a)
Lint(x) = e(x)gjur(x) 8#8" o (x) (3.33b)

where we introduced explicitly the adiabatic factor e(x). Here we wish to
study the asymptotic properties of the energy-momentum tensor for just the
o field. We start with T4 (x), determined from Zg'(x) to be

TH(x) =t (x):
1 (%) =3[(8" 03n())(0" 6in(%)) + (8 Oin(X))(P 5in(x))] + £ LT(x) (3.34a)

' (x) =1y (x)
The interpolating T#"(x) is given as
S T" (x)=T*S(Q T (x)=T{S(g) T (x) +d""(x)} (3.34b)
Now we wish to find whether

d*(x)=[T,(S; TH) —11S(g) TH' (x) (3.35a)
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vanishes as t, — o0, where we take into account
T.°8S=8, T, T (x) =T (x), s= %1

Evaluating (3.35a) to O(g) by utilizing [0,0,01n(3) 0u0in(x)’]" from
Appendix A, after some work we obtain

d""(x) = ge(X){[04T*jpo ()] [n*n°(n*0" + n"0")
+g""n"n° 04 oin(x) + [6"T*jp,,(x)][n”n"(g£ +g7)
+ (" +n") (g +n°g) + 8" (n"gi +n°gk) 04
~ gm0 ]o5(x)} + O([ge(x)]’) (3.35b)

where it is clear that adiabatic factor e(x) appears also in higher order terms.
Consequently, (3.35b) -0 as ¢, — Foo; this gives from (3.34b) [compare
with (3.3)]

S(@)Tou(x) =T’ (x)5(2) (3.36)

where T4, is given by (3.34b) with o;, replaced by o.u. Of course, we can
continue this study and, as an example of nonlocal observables, we could
study the nonlocal currents (S6In, 1968). Again one would find that the
adiabatic factors assure the correct relationships between in and out observ-
ables. Therefore, we can say that the explicitly covariant S matrix describes
the entity of all possible results of measurements at the infinite future when
the state of the infinite past has been specified. Let us point out that in our
formalism an observable is a constant of motion only if [0, $]1=0. Here
T*" is not a constant of motion, since it is the energy-momentum tensor for
the o field only.

Finally, we discuss the interpolating fields themselves. For a Lagrangian
density with higher derivatives, one can write the generalized Euler-
Lagrange equation

0L (x) s 0L P 0L(x)
d¢(x) " 0d.p(x) " 80,0,0(x)

On the other hand, setting F=¢, G=---= Q=0 in (3.25), we obtain

— =0 (3.37)

% ;g— ()= f &y [THLION - LHN$™] (338

The solution of (3.38), of course, is given by relations (3.6). Are relations
(3.6) also the solution of the Euler-Lagrange equation (3.37)? We believe
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so. From (3.9) and (3.19) (with A — 1), we can write
¢ (x) =S (A T*S(1) din(x)

= din(x) +ild jd4y [T*(gmt( P Bin(X)) — Pin(x) gmt(y)]

+0(2) (3.39)

Now applying (3.39) to the tensor derivative coupling from (3.33b), as an
example (with A=1 and remembering that j*" depends on ficlds different
than o) we obtain

o (x)=0oinl(x)+ig f Y () 0,(¥) 8 y)
X [T(Oin( 1) Tin(X)) = Oin( ) Oin(x)] + O(g%) (3.40a)

=0in(x)+g jd"y Ar(x=)(0,0,j5"(»)) + 0(g”)  (3.40b)

where derivatives were pulled to the left of the T* product [compare with
(2.1)] and two partial integrations were carried out. [Utilizing (3.40b), one
easily verifies that indeed o°(x) =S"(g) T*S(g)o%(x), as expected from rela-
tions (3.14)]. Next from (3.37) we have exactly

o(x)=0ou(x)+g fd4y Ar(x =) 0,0,j"*(¥) (3.41)

Now if in (3.41) one further solves Euler-Lagrange equations for fields on
which j** depends, one gets ji’ plus O(g®) terms, which we believe are the
same as the O(g?) terms in (3.40b). Consequently, we conjecture that the
solution for ¢ (x) as given by (3.39) is consistent with generalized the Euler-
Lagrange equations (3.37). In any case, we can always accept (3.38) with
its general solution (3.6a) as a covariant definition of the interpolating
field ¢ (x).

4. GENERALIZED HAMILTONIAN DENSITY AND A
FEW EXAMPLES

Relation (3.31b) suggests writing the S matrix in the Dyson form

S(A)= T exp [—i J d*x %gﬁt(x)jl (4.1)
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where
fd"x Hr(x)=iln { T, exp [m f d*x fﬁ:t(x)]} (4.2)

where the limit 4 — 1 is understood after having done pertinent calculations.
Relation (4.1) simply defines the generalized interaction part of the Hamil-
tonian density in terms of ¢in, 8, Pin, 0.0,@im, etc., for any PLiy,.

When %, is in usual form (3.21a), then taking into account (3.21b)
(see also Appendix C), we have

d .
) Hin(X) =~ Lin $in(X), (3,0 (x))in s &) (4.3a)

A
exp{i J da Jd"x ZLint(Pin(X), (0P (X))in 5 g)}

=T, exp {il fd X L $in(%), 0, $in(%); g)} (4.3b)

We see that relation (4.3b) is an identity at A=20. If we apply d/dA on both
sides of (4.3b) and evaluate the result at A=0, we obtain relation (3.23). In
general the left side is known from the PDECC and the canonical formalism
(as we shall show shortly in the example of a chiral invariant Lagrangian).
The action of T';' on the right side of (4.3b) has to make it equal to the left
side. Generally, this equality is impossible without §,(0) =0. [In special cases
such as the chiral-invariant Lagrangian (SdIn, 1973; Gerstein et al., 1971),
one is able to add to &, counter terms containing 64(0) which, in turn,
cancel contributions with 84(0) from the action of T;'.] Namely, §,(0) terms
do not arise only from the local pure noncovariant contractions {e.g., from
[0u0in(x)" 0,0in(x)"]"}, but also from the nonlocal ones when the integrals
cannot “eat” all the delta functions, as in this example:

jd"x d'y - 8a(x—y) 84(y—x)=54(0) fd4x' .-

Since a term like this is clearly not present on the left side of (4.3b), it
has to vanish, which, however, was already demanded independently by
relation (3.23). In other words, 84(0) =0 is sufficient to verify the whole of
relation (4.3b).

Now we go to some specific examples. The first example is the case
of the chiral-invariant Lagrangian density of massless pions (Soin, 1973;
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Gerstein et al., 1971)

L(x) =~ 236.4(x) Ga($ (x)) 93" (x)

(4.4a)
¢u.a(x) = au Pa(x)

where ¢,(x) denotes the pion field. The dependence of G, on the pion
field is determined by the requirement that . be SU(2) x SU(2) invariant
(Weinberg, 1968); different SU(2) x SU(2) nonlinear-representation assign-
ments for ¢, require different G’s (Gerstein ef al., 1971; Weinberg, 1968).
We write (SSln, 1973)

Gap(X) = 6.ap — AG (P (x)) (4.4b)

wim(x)%¢,,,a(x)éab(¢(x))¢”vb(x) (4.40)

where the physical coupling constant is absorbed in G. We now evaluate
pure noncovariant contractions in (4.2),

jf}gt(x) d*x=iln {1 +il Jd“x Zin(x)

22 - ~
+3 J‘d“x d“y [—giﬂt(x)fiﬁt(}’)

+384(0)84(x = y)(n)’ Tr G*(in(x))
— i84(x =PI n" () Ga Gin(X)) $h(x)] + 0(/13)}
= J d*x {—wi‘;t(x)
+5“2f 11" Gpra(X) Gop(Bin(x)) Birs(x) + 0(13)}
Here, consistent with relations (2.36a), d4(0) is set to zero. The nth term in

this series is easily deduced to be

n

)‘ i _ .
> 71" Pl a(X) Gap( Pin (X)) Py.s(x)
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so that the result is

n'n" .
Pra(x)

2

) [ PG ($ul))
1= 2G($(x))

Hndx) = —AL (%) +

:’ ivn.b(x) (4.5)
ab

Result (4.5) has to be consistent with (4.3a), which follows from the
canonical formalism. To prove this, consistent with (4.4a), we start with the
canonical momentum 7, conjugate to ¢,,

Ta(X) = [8ap—~ AGap( (x))]Pap(X) (4.6)
Since

(%) = (%) = [8 05— AGas( DinX)) [ P s(X)]"
Pa(x) =y ()]

we then have in general

in__ _ 1 — w.b
[ al(x)] {g,,v n,,m,[————»——l 3G 1:!}@ i’ (x) 4.7

By taking into account that G=G" (7 stands for “transpose” in unitary
space), direct evaluation gives

Lind Gin(%), [¢° ()] 5 &)
== H$y.a()]" Gt Gin (X)) (x)]in

sl )
-y
x G[gpv—n,,nv< L 1)]} (%)
1 _y ab

1 ,in ~ v Hov 1 in
=1 W,(x){G[g“ +n'n (l-(l"Y)z)]}jv'b(X) (4.8)

where y=AG(¢in(x)) and G=G(¢i(x)). Differentiating relation (4.5) with
respect to A, one obtains at once the negative of relation (4.8).
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The S matrix for the chiral-invariant Lagrangian density [relations
(4.4)] becomes explicitly

S(A)=T*exp {i fd “x % d)i?,n(X)G_ab(¢in(X))¢ﬁ;"(X)} (4.9)

This expression does not have the counterterm with §4(0) (now equal to
zero) which was introduced earlier (S6ln, 1973; Gerstein ef al., 1971) to
explicitly eliminate the worst divergences in the perturbation theory which
violate the Adler condition for n-z scattering. However, it is again the
dimensional regularization that takes care of the Adler condition. For
example, it can be shown (Tataru, 1975) that all one-loop diagrams in the
soft-pion limit (i.e., when all external momenta are zero) contain 84(0) and
therefore are vanishing in the framework of dimensional regularization;
therefore, one can say that the Adler condition is automatically satisfied in
the one-loop approximation with this regularization. We believe that relation
(4.9) provides the proper expression to all orders of the perturbation theory,
providing that dimensional regularizations are employed for diagrams.
The previous example, although quite complicated, allowed us to define
the Hamiltonian density canonically in the usual manner. As such, it served
as a verification for the expression of the generalized Hamiltonian density
from the covariant PDECC formalism. When ;.. contains higher deriva-
tives, as mentioned, it is possible to remove the second and higher time
derivatives from % by carrying out either covariant or noncovariant field
transformations (Barua and Gupta, 1977). However, as a rule the resulting
Hamiltonian density is seldom in a simple form. As a consequence, the
Dyson form of the S matrix is also very complicated. In fact, we can see this
also within the covariant PDECC formalism in the example of the derivative
tensors coupling from (3.33b). We shall assume for simplicity that j#*, which
depends on fields different than o, also does not depend on field derivatives.
Then applying relation (4.2) (at A=1) to Z;,; from (3.33b), we obtain

i i i — in in
Hnx) ==L ()~ (T, '~1) fd“y L) Lind(x) + 0(g’)
= —ggplt(x) - gzjﬁlv(x) { [nunvgakgﬂ’ + 2nunagvkgﬁl] 00,

+20,1,1485 OrBa+ 1,0, p(0; — VP — M) P ()

+0(g) (4.10)

where the pure noncovariant contractors from Appendix A were taken into
in

account. Clearly, even to O(g?), #n, is rather complicated. The S matrix in
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Dyson form with this #n, [valid only to O(g”)] becomes also rather com-
plicated. This should be contrasted with the equivalent covariant S matrix,

S(g)=T* exp[ig fd“xjﬂ,v(x) 6,,6V0'in(x)} (4.11)

which is straightforwardly simple, unitary, and valid to all orders in g.

5. DISCUSSION AND CONCLUSION

By employing the covariant PDECC formalism, we have developed the
covariant perturbation theory for the S matrix and the interpolating fields
when the coupling terms in the Lagrangian density involve arbitrary (first
and higher) derivatives. The remarkable thing is, however, that this theory
was formulated directly in terms of the Lagrangian density without any
reference to a Hamiltonian density, which, for a higher derivative Lagrang-
ian, is generally very difficult to obtain (Barua and Gupta, 1977). The
advantage of this approach is evident if one considers the symmetry proper-
ties of the system, which are usually expressed through Lagrangians.

Of course, it was the introducion of the (purely) noncovariant T,°
(s==1) products that allowed us to avoid the Hamiltonian density altog-
ether. In fact, we have turned things around and, as shown in Section 4, with
the help of the T,' product defined the generalized Hamiltonian density.
Furthermore, it is T, ' that brings 7 to the left in T* (T*=TT, "), and as
such allows us to interpret T* as a covariant time-ordering operator. This,
in turn, facilitates definitions of interpolating field quantities and shows that
the explicitly covariant § matrix correctly relates in and out observables.

A rather gratifying fact is that, from the requirement that the S matrix
from a canonical formalism coincides with our explicitly covariant § matrix
for Lagrangian densities with first derivatives, we obtain §4(0)=0 [and,
through the dimensional regularization, also (0,,0,, - - 64)(0)=0]. That
54(0) should be set to zero (within the dimensional regularization) has been
found already in Bernard and Duncan (1975) and Barua and Gupta (1977).
There for Lagrangian densities with higher derivatives, it is possible to con-
struct covariant S matrices with the help of Hamiltonian densities if 6,(0)=
0. However, in these cases one has a chance to demonstrate the validity of
Matthews’ (1949) theorem mostly to low orders in the perturbation theory
(Bernard and Duncan, 1975; Barua and Gupta, 1977). In contrast, explicitly
covariant expressions (3.28) and (3.31a) for the S matrix make Matthews’
theorem correct to all orders of the perturbation theory.
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Let us point out that even for the case of (second) derivative tensor
coupling (3.33b), the calculated #,, although complicated, is still a local
operator, as can be seen from (4.10). Consequently, even in the original
Dyson form, (4.1), the S matrix is conventionally unitary, as opposed to
nonlocal interactions, where the S may become nonunitary (Hata, 1989).

APPENDIX A

In this Appendix we give a few examples of pure noncovariant contrac-
tions. In these examples, the free field is a scalar (or pseudoscalar) field
¢/ (x), f=in, out, and a is some internal index. Consistent with (2.4) and
(2.8a) for two free muitiderivative fields, the T product can be written as

T1f2f= T*eﬁflf2f= T* 1f2f+ ﬁ,lef (Al)

where, because ]Vfl r2r1s a c-number, T*Nf1f2f'= ﬁ/fl 2. As a consequence
of (A1), the pure noncovariant contraction of two free multiderivative fields
is numerically given as

N0 - - b7 (@000, - - 87 (3))
=[000u ** &7 () Blsy - SL YT
=03 AT = T*) @0 - - 8 (%))
X (2udy, "+ * S D0/ (A2)

Relation (A2) yields the following pure noncovariant contractions
[compare also with Barua and Gupta (1977) and Soln (1973)]

(67 (x)/ (»)]'=0 (A3)
[0u8/" (x)' 7 (»)']"=0 (A4)
[0,¢/ (%) 0,8/ (¥)'1"=—in,n, Sa S4(x—y) (AS)
(0,000 (x)' ¢/ (¥ 1" =inun, 8a Sa(x—y) (A6)

[0.0,¢f" (x) ap¢fb(y).]n
= =i u{Nunhp 0a(x) Sa(x—y)
+ (nunvgpi+ nunpgvi+ nvnpgui) 6,-(X) 54()6 _y)} (A7)
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[0u0v07" (x) apaa¢fb 7
= i6ab{(npnogviguj + nvncrgpiguj

+ 0,858, +nun.g,'gs

+ nunpgvigoj+ nunagvigpj) ai(x)aj(x)54(x - y)

+ (npnanvg,,i+ nvnc,nugpi

+nnn,gs + nonanug,') 0(x)04(x)S4(x —y)

+ nunnn [ 05(x) + 84x) &(x) —m'184(x—y), etc. (A8)
where m is the mass associated with the field ¢/ (x). As one sees, although
straightforward to evaluate, the complexity of pure noncovariant contrac-
tions increases with the number of derivatives acting on the free fields. The
exponential representation of the 7, product helped to give a precise defini-
tion of pure noncovariant contractions. Actually, Nyeven can be given explic-
itly in terms of bilinear functional derivatives with respect to multiderivative

free fields, which, however, due to the lack of space, were not used here
(Soln, 1990).

APPENDIX B

In the scheme of dimensional regularization, the integrals in the momen-
tum space are evaluated in n dimensions rather than four dimensions. Here,
the n-dimensional “Minkowski” space has one timelike and n—1 spacelike
dimensions ('t Hooft and Veltman, 1972). From ’t Hooft and Veltman
(1972) we have the following equations for arbitrary a:

J o 1 _in"(m’ — k)" *T(a —n/2)
PP 2kp+md)e I'(a)
1
=|d"p ~=0, n/2>a
J )
:>Jd"p=0 (B1)
, in" (= k)"* T (@ —n/2
Jdnp 5 p,l 5 a= ( ) ( / )(_ky)
(p"+2kp+m) I'la)

-Jerge e

=>Jd”ppy=0 (B2)
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Following ’t Hooft and Veltman (1972) by differentiating the first relation
in (B1) arbitrarily many times with respect to k, we end up with

. L onf20 2 p2\n/2—a
jd,,p P;Pvl’x 1;,, i (m k) tuvip (B3)
(P> +2kp +m)“ I'(a)

where the tensor f,,...., is made up of vectors k,, k,,k,,...,k,, and of
metric tensors g, gu1, &va, - - - » and, of course, depends on m* and k>
From dimensional arguments we see that the dependence of #,,,... on m* and
k? is such that #,,,... is well behaved when m* -0 and k* -0 (where, while
taking the limits k¥ - 0 and m” — 0, we keep the ratio k*/m” fixed). Conse-
quently, using procedures similar to the ones from (B1l) and (B2), we con-
clude that

Jd"ppupvm- - pp,=0 (B4)

Relations (B1), (B2), and (B4) imply 6.(0)=0 and (8,0,0; - - 0,04)(0)=
0, which are the same as relations (2.36).

APPENDIX C

To explain relations (4.3a) and (3.21) within the framework of the
canonical formalism, following Soln (1973), we define the prime partial
derivative with respect to the coupling constant g;, &' /0g;, with the properties

o 74

—$p®=0, —n(x)=0 (1)

0g; 74
where 7 is the canonical momentum conjugate to ¢. By taking into account
that # can be expressed in terms of ¢, J,¢, and ¢ and as such may explicitly
depend on g;, taking into account (3.18), we have

*_F g d

—=— (C2)
Jg; 0g; ‘5 0g: Om
With 6. /dn =—¢, we then have
o*H O . O*m
==Y~ (©3)
0g; g @ 0g;
which, when combined with # =} " nd— H#, yields (Soln, 1973)
0 o*
o __*Z (C4)

ogi 0g;
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By writing 5 =3+ #ine and L= Lo+ AFn, where #, is the free part
of the Hamiltonian density, varying the mathematical coupling constant A
between O and 1 while freezing the physical coupling constants [compare
with (3.19)], and taking into account that d'#,/dA=0, from relation (4),
with g;= A, we obtain

d' Hine(x) v R
— Lint(x) (Cs)
where
Hin(X) = Hin(§ (%), 0,0 (x), (x); A; 8)
and

ginl('x) = agint(qs (X), aﬂ¢ (X) > g)
Now taking the ¢, — —o0 asymptotic limit of (CS5), we have

d' A
ﬁrﬁ(ﬁz ~bgint(‘l’in(x)’ (a'u(b(x))in ) g) (C6)

where Hin(x) = H i Pin(X), 0,0in(X), Tin(x); A; g) and we took into account
that dr;,,/dA=0. Relation (C6), which is the same as (4.3a), explains (3.21b)
if one differentiates (4.1) with respect to A.

Next, to demonstrate (3.22), we take ¢(x) to be a scalar field. Then
from (3.19) we have 7= ¢+ 1 0.%,,,/0p, which, after we take the £, — —c0
limit, yields

(6u¢ (x))in = a/_lqbin(x) - }vnu

xagint(qbin(x): (au¢ (x))in > g)
O(H(X))in

where we took into account that m;, = ¢,. This gives

ZLint @in(x), (0u# (X))in ; 8) = Lin(Pin(x), 0uPin(x); 8) + O(4)  (CB)
which is the same as (3.22).

(C7)
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